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The description of gravitation in the framework of soliton interaction is considered for
two nonlinear field models. These models are Born – Infeld nonlinear electrodynamics
and so-called Born – Infeld type scalar field model. The last model can also be called the
extremal space-time film one because of the specific form of the appropriate variational
principle. Gravitational interaction is considered in the context of unification for all
interactions of material particles. It is shown that long-range interaction of solitons of
the models appears as force one and metrical one. The force interaction can be interpreted
as electromagnetic one. The metrical interaction can be interpreted as gravitational one.
Keywords: Gravitation; electromagnetism; unification of interactions.
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1. Introduction
The description of gravitational interaction is possible in the framework of nonlinear
field models, where the physical particles are represented by its soliton solutions. In
this consideration all interactions between the particles are caused by nonlinearity
of the model.
Soliton solution or soliton is a space-localized solution of nonlinear field model. A
distinguishing characteristic of nonlinear field equations is that the sum of solutions
is not solution. That is the superposition principle, which is characteristic for linear
equations, here does not work.
This is an Open Access article published by World Scientific Publishing Company. It is distributed
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The violation of superposition principle must be considered as an interaction of
soliton-particles. We can consider the sum of soliton solutions as an initial approx-
imation for an appropriate multisoliton solution. Then we must make an iterative
process to obtain the solution.
A modification of soliton trajectories, which we will have here, must be inter-
preted as the interaction between the soliton-particles.
If distance between solitons in the initial approximation sufficiently great, we
have a long-range soliton interaction.
Thus in the framework of this approach we consider an unification of two known
long-range interactions between physical particles that are electromagnetic and
gravitational ones.
The idea of unification for gravitation and electromagnetism in the framework
of soliton interaction was proposed in works by author,1–3 where nonlinear electro-
dynamics models was considered.
In this consideration the electromagnetic interaction appears as soliton inter-
action of the first order by a small field of distant solitons. In this case we have
the Lorentz force from the integral conservation law for energy-momentum. This
interaction can also be called the force one. Here it will be considered briefly in the
appropriate section.
The gravitational interaction appears as soliton interaction of the second order
by the small field of distant solitons. In this case we have an effective Riemann space
for soliton motion, which is caused by the field of distant solitons.
The description of gravitation with the effective Riemann space in soliton dy-
namics was proposed in works by author.1,2,4 Here we can talk on induced gravita-
tion because the gravitational interaction appears in models for fields which is not
customary gravitational ones. This interaction can also be called the metrical one.
Here it will be considered in the appropriate section.
Mathematical base for the effective Riemann space in this consideration is the
specific form of characteristic equation for several field models. The appropriate
characteristic equation for Born – Infeld nonlinear electrodynamics was considered
in several works.4–7
In the present work we consider a scalar field model in comparison with non-
linear electrodynamics one for the description of long-range interactions of physical
particles.
2. Extremal World Volume
Let us consider the action which has the following world volume form:
A =
∫
V
√
|M| (dx)4 , (1)
where V is a space-time volume, M + det(Mµν) is determinant of tensor field
Mµν = Mµν(x), (dx)
4 + dx0dx1dx2dx3.
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The tensor Mµν can also be called the world tensor.
We have the usual action principle which is the following necessary condition
for extremal world volume:
δA = 0 . (2)
Here we consider the following two types of the world tensor and the appropriate
field models.
• For four-vector field Aµ(x) we can write the world tensor which gives the
known Born – Infeld nonlinear electrodynamics:
Mµν = mµν + χ
2 Fµν , Fµν +
∂Aν
∂xµ
− ∂Aµ
∂xν
. (3a)
• For scalar field Φµ(x) we can write the world tensor which is appropriate
to a relativistic generalization for the model of minimal two-dimensional
surface in three-dimensional space. Thus we consider a four-dimensional
surface or film in five-dimensional space-time which can be called also the
space-time film. Sometimes the appropriate field model is called the scalar
Born – Infeld one. For this case we have
Mµν = mµν + χ
2 Φµ Φν , Φµ +
∂Φ
∂xµ
. (3b)
Here in (3) mµν are the components of metric tensor for flat space-time, χ is a
dimensional constant.
We can simplify the expression for the world tensor determinant.
• For Born – Infeld nonlinear electrodynamics we have
M = m
(
1− χ2 −I − χ4 −J 2) ,
−I + −1
2
mµσ mνρ Fµν Fσρ , −J + −1
8
µνσρ Fµν Fσρ . (4a)
• For space-time film we have
M = m
(
1 + χ2 mµν Φµ Φν
)
. (4b)
3. Energy-Momentum Tensor
Let us write symmetrical energy-momentum tensors for both models in Cartesian
coordinates with Minkowski metric −mµν . At first we define the energy-momentum
tensors in the form which is obtained from the world volume (1) directly.
• For nonlinear electrodynamics the symmetrical energy-momentum tensor
is
−
Tµν =
1
4pi
(
Gµρ F ν.ρ −
1
χ2 −m
µν
√
|M|
)
,
Gµν + 1√|M|
(
Fµν +
χ2
2
−J µνσρ Fσρ
)
. (5a)
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• For space-time film the canonical energy-momentum tensor is symmetrical.
It is
−
Tµν =
1
4pi
(
Φµ Φν√|M| − −m
µν
χ2
√
|M|
)
. (5b)
The obtained tensors will be used below. But these tensors do not equal zero
when the field is vanished.
To have finite full energy for solutions which are decreasing at infinity, we con-
sider also the following regularized energy-momentum tensor:
Tµν =
−
Tµν − ∞Tµν , (6)
where
∞
Tµν is regularizing tensor.
In most cases we can use the following regularizing energy-momentum tensor:
∞
Tµν = − 1
4pi χ2 −m
µν . (7)
Both tensors Tµν and T¯µν satisfy the differential conservation law
∂
−
Tµν
∂xµ
=
∂Tµν
∂xµ
= 0 . (8)
4. Field Equations and Effective Metrics
It is notable that the field equations for the models under consideration can be
written in the following forms in Cartesian coordinates.
• For nonlinear electrodynamics we have
(∼mµσ ∼mνρ − ∼mµρ ∼mνσ) ∂
2Aρ
∂xν∂xσ
= 0 . (9a)
• For space-time film we have
∼mµν
∂2 Φ
∂xµ ∂xν
= 0 . (9b)
Here in (9) we introduce the designation
∼mµν + −4pi χ2 −Tµν , (10)
where the energy-momentum tensor
−
Tµν is defined in (5) for both models.
As we can see the model equations (9) become suitable linear ones with the
substitution
∼mµν → −mµν . (11)
In this case we obtain the appropriate relativistically invariant linear equations.
Thus the tensor ∼mµν can be called the effective metrics. This appellation is
justified also with the consideration of a model characteristic equation and the
appropriate soliton interaction. This theme is discussed in section 6.
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5. Force Interaction and Electromagnetism
Let us consider a constant three-dimensional volume V with the border σ.
We define the momentum four-vector of field in the volume V as
PµV +
∫
V
Tµ0 dV . (12)
Also let us define the force of the field on the two-dimensional surface σ as
Fµσ + −
∫
σ
Tµi dσi , (13)
where dσi are components of the outer surface element vector.
Integration by parts of the energy-momentum differential conservation law (8)
for tensor Tµν gives∫
V
∂Tµν
∂xν
dV = 0 =⇒
∫
Σ
Tµν dΣν = 0 , (14)
where V is four-dimensional volume including the three-dimensional volume V and
time interval
[
x¯0 −∆x0/2 , x¯0 + ∆x0/2], Σ is its three-dimensional boundary hy-
persurface, dΣν are components of the outer hypersurface element four-vector.
Using introduced designations for momentum and force we have
∆PµV = ∆F
µ
σ , (15)
where
∆PµV +
∫
Σ
Tµ0 dΣ0 = PµV
∣∣∣∣x0=x¯0+ ∆x
0
2
x0=x¯0−∆x02
, (16a)
∆Fµσ + −
∫
Σ
Tµi dΣi =
x¯0+ ∆x
0
2∫
x¯0−∆x02
Fµσ dx0 . (16b)
For ∆x0 → 0 we have the following integral dynamical law for the field in the
three-dimensional volume V :
dPµV
dx¯0
= Fµσ . (17)
Application of the obtained dynamic law to the soliton interaction gives the
appropriate soliton dynamic equation in some approximation. In this case the three-
dimensional volume V is the localization region of the soliton. The force Fµσ is caused
by a small field of the distant solitons. Thus this soliton interaction can be called
the force interaction of solitons.
It must be emphasized that the obtained dynamical law (17) is model indepen-
dent. Also its relativistic invariance is evident for the models under consideration.
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The considered force interaction applying to Born – Infeld electrodynamics gives
the electromagnetic interaction between soliton-particles with the Lorentz force.2
But the second model under consideration, that is the model of space-time film,
gives also this soliton interaction. This is supported by universality of the considered
force interaction. In this case the electromagnetic force of distant solitons appears
as essentially nonlocal characteristic of interaction, which is caused by nonlocal
definition of the force.
Thus the force interaction considered here is electromagnetic one.
6. Metrical Interaction and Gravitation
Both models under consideration have the following notable characteristic equa-
tion:a
∼mµν kµ kν = 0 , kµ +
∂S
∂xµ
, (18)
where S = S({xµ}), equation
S = 0 (19)
gives a three-dimensional characteristic hypersurface of field model in four-
dimensional space-time, ∼mµν is effective Riemann metrics which is defined in (10).
Let us consider a soliton having a fast-oscillating part. In this case the soliton is
connected with the appropriate wave for which we can define the wave vector kµ.
Thus according to relativistic invariance of the model we have the following
dispersion relation for such solitons:
|mµν kµ kν | = ·ω2 , (20)
where mµν is the coordinate system metric, ·ω is a frequency of the soliton fast-
oscillating part in its intrinsic coordinate system.
The case ·ω 6= 0 corresponds to a massive particle. The case ·ω = 0 corresponds
to a massless particle, specifically to photon.
It can be shown,2,8 that in the case of soliton long-range interaction, the soliton
dispersion relation (20) is modified to
|∼mµν kµ kν | = ·ω2 , (21)
where the effective metric ∼mµν is caused by a field of distant solitons.
In this case the trajectory equation of the interacting soliton is the same that
we have in general relativity theory, that is the appropriate geodesic equation.
The type of soliton long-range interaction caused by the effective metric can be
called the metrical one. Because of the specific type of interacting soliton trajectory
equation for this case, we can consider the accordance of this interaction with grav-
itation. It should be noted that in this case the wave properties of the interacting
soliton is essential.
aFor Born – Infeld electrodynamics see Refs. 2, 4 and 8.
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It can be shown,8,9 to consider the metrical soliton interaction as the real grav-
itation we must take into account the wave background field of all soliton-particles
in the universe.
In this case we can have the Newtonian gravitation in the appropriate limit.
Also to have the real gravitation we must take into account the fast-oscillating part
of distant solitons.
Thus the wave or quantum properties of soliton-particles is essential for the grav-
itation interpretation of metrical interaction. Thus in this approach the gravitation
is essentially quantum.
7. Conclusions
• Two nonlinear field models with world volume type action are considered.
– The first model is the Born – Infeld nonlinear electrodynamics.
– The second one can be called the model of extremal four-dimensional
film. The appropriate equation sometimes is called the scalar Born –
Infeld one.
• Both models provide the possibility for unification of gravitational and elec-
tromagnetic interactions of particles in the framework of interaction for
solitons.
– The force interaction is obtained from the integral conservation law
for momentum. This interaction can be interpreted as electromagnetic
one.
– The metrical interaction is obtained from the model characteristic
equation. This interaction can be interpreted as gravitational one. In
this case we have the induced gravitation.
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